Magneto-electric multiferroics exemplified by TbMnO 3 possess both magnetic and ferroelectric long-range order. The magnetic order is mostly understood, whereas the nature of the ferroelectricity has remained more elusive. Competing models proposed to explain the ferroelectricity are associated respectively with charge transfer and ionic displacements. Exploiting the magneto-electric coupling, we use an electric field to produce a single magnetic domain state, and a magnetic field to induce ionic displacements. Under these conditions, interference charge-magnetic X-ray scattering arises, encoding the amplitude and phase of the displacements. When combined with a theoretical analysis, our data allow us to resolve the ionic displacements at the femtoscale, and show that such displacements make a significant contribution to the zero-field ferroelectric moment.
the control of electric polarization by magnetic fields, and vice versa (1, 2) . While comprehensive, microscopic descriptions of their magnetic structures have been obtained (3) (4) (5) (6) (7) (8) (9) (10) (11) , our understanding of the ferroelectric state is still emerging. Two competing theoretical scenarios have been proposed: one purely electronic, without ionic displacements (12) ; one based on anti-symmetric exchange interactions, with ionic displacements (13) . Experiments have been unable to resolve the individual ionic displacements (14) .
Spin-cycloid multiferroics exhibit an exceptionally strong cross-coupling between the different types of order, as demonstrated when the electric (magnetic) field E (H) was used to control magnetization M (ferroelectric polarization P) (1, 5, (15) (16) (17) (18) . Interest in this class of multiferroic has been generated both by the potential for novel devices, and the challenge they represent to our fundamental understanding of ordering phenomena in solids. TbMnO 3 is the prototypical spin-cycloid multiferroic (1) . Diffraction studies have established that in its ferroelectric phase below ∼30 K the Mn magnetic moments form a cycloid in the bc plane (3), while the Tb moments order sinusoidally (5) , Fig. 1A ,B. Formation of the cycloid removes the centre of inversion at the Mn sites and generates a spontaneous P along c. The scenario in which P is generated by ionic displacements has been investigated by ab-initio density functional theory (DFT) (19, 20) which makes definite predictions for the displacements of the constituent ions. Experimentally, only an upper limit (of ∼500 fm) has been estimated for the ionic displacements from EXAFS measurements (14) ; EXAFS has been used to obtain femtoscale displacements in other systems (21) . Application of a sufficiently strong magnetic field along either the a or b axis results in the flopping of P from the c to a axis (6, 15) . Conventional X-ray scattering in an applied magnetic field has revealed charge reflections at both the first and second harmonics (22, 23) . Figure 1C -E provides a schematic of the X-ray diffraction technique we developed to determine ionic displacements with improved accuracy. When interacting with a solid, X-rays may be scattered by both the charges and any magnetic moments. Sufficiently far from atomic absorption edges the observed intensity I may be written in the simplified form
where E is the X-ray energy, and mc 2 is the electron rest mass energy (24) . Here F M is the nonresonant magnetic scattering (NRMS) amplitude (5) , and
is the scattering amplitude arising from any lattice distortion (δr j ), with Q and r j being the wave-vector transfer and atomic position of the j'th atom, respectively (25) . (Note that F δ = 0
for δr j = 0, Q incommensurate). The atomic form factor f j (Q, E) = f 0 (Q) + f (E) + if (E) depends on Q through the Thomson term f 0 (Q) and on E through the dispersion corrections f (E) and f (E). Figure 1C refers to the case of charge scattering, where no additional information is gained by reversing the handedness of the incident X-rays. However, for the case of scattering from the magnetic cycloid in TbMnO 3 there is a symmetric reversal in the intensities for left circular polarised (LCP) and right circular polarised (RCP) X-rays (Fig. 1D) , allowing the population of right and left handed cycloidal domains to be determined (5, 18) . When an applied magnetic field induces an atomic displacement with the same modulation period as the cycloid (Fig. 1E) , the charge and magnetic amplitudes in Eq. 1 interfere leading to a distinctive change in the polarization state of the scattered beam, reflected by changes in the Stokes parameters.
In zero applied magnetic field, the sample was cooled in an electric field to T = 15 K within the ferroelectric phase. The intensity I(η) was measured at the reciprocal lattice location (h,k,l)=(4,τ ,−1), where τ is the modulation wavevector of the magnetic structure (Fig. 1A,B) , and (h,k,l) are the Miller indices. This established that the electric field had produced an imbalance in the populations of the two cycloidal domains (92% : 8%) (5, 18). A magnetic field was then applied along the b axis and the (4,τ ,-1) reflection tracked for both LCP and RCP X-rays incident on the sample. Figure 2A illustrates that when applying a magnetic field the scattering process in the sample changes to produce a scattered beam that is more linearly polarized, as reflected by the increase in P 1 stated for fits to the RCP data. Attempts to model I(η) using calculations based on distortions of the zero-field magnetic structure were unsuccessful. Instead, we consider that the magnetic field induces an additional uniform magnetic moment on the Tb and Mn ions polarized along the b axis. In the presence of magneto-elastic coupling this will in turn induce a lattice distortion with the same period, or modulation wavevector τ , as the zero-field magnetic structure with an associated non-zero charge scattering amplitude F δ . The evolution of the intensities with magnetic field evident in Fig. 2A therefore arises from an interference between F δ and F M in Eq. 1. The lines in Fig. 2A represent the result of fitting Eq. 1 for the real and imaginary components of F δ . This approach provides a very satisfactory description of the data. The field dependence of F δ extracted from the fits (Fig. 2B ) displays the linear dependence on applied magnetic field expected for magneto-elastically induced lattice displacements. It is worth emphasizing that the scattering amplitude F δ is measured through the interference with the known magnetic structure factor, rather than through an intensity, and is therefore obtained with its phase, and is normalized in absolute units.
In order to identify which particular field-induced atomic displacement modes give rise to the charge scattering, I(η) was measured for the two magnetic reflections (4,τ ,1) and (4,τ ,−1), at three different X-ray energies of 6.16, 6.85 and 7.77 keV. This enabled us to exploit the significant variation of the atomic dispersion corrections for TbMnO 3 (Fig. 3A) . The lines in The physical origin of the charge scattering measured in our experiments is magnetostrictive atomic displacements resulting from interactions between the zero field moments (m(x)) and the uniform field induced moments (∆m) (24) . Given the symmetry of the magnetic structure, which splits into two parts belonging to different irreducible representations (irreps) Γ 3 and Γ 2 , and the fact that the induced magnetic moment ∆m for a field along b transforms as Γ 2 (24), the modulated displacement modes also belong to two classes, described by the
and Γ 1 = (Γ 2 ⊗ Γ 2 ) irreps. These classes arise from interactions of ∆m with the Mn moment component along y, and from interactions with all the other zero field moment components, respectively (24) .
Analysis of the displacement structure factor shows that it is even with respect to the signs h = ±4 and k = ±τ , and is also even for l = ±1 for the Γ 4 part, but odd for the Γ 1 part (24) . Therefore, by adding and subtracting the structure factors measured for l = ±1, one can separate out the two components. The Γ 1 part of the geometrical structure factor is purely imaginary whereas the Γ 4 one is purely real. Having a purely real or imaginary geometrical structure factor allows one to directly attribute the real and imaginary parts of the F δ derived from fits to the data to the corresponding parts of the atomic scattering factors. The drastic variation with the energy of f for Mn and Tb (Fig. 3A) , enables us to separate the contributions of the different atoms.
Taking the fitted values of the complex charge scattering amplitudes extracted from the data, we obtain three sets of simultaneous equation at the three different energies for each of the irreps. Solving these equations we obtain values of the amplitude and phase of the ionic displacements (24) . For the Γ 4 irrep we find that the displacements associated with the oxygen ions are dominant. Both inequivalent oxygen sites (O1 and O2) can in principle contribute within the constraint δ (5) is incorrect and should be reversed, see (27) ) and the magnetic field applied along [010], resulting in a hor- The incident horizontally linearly polarized beam was converted into a circular polarization state using an in-vacuum quarter-wave 720 µm diamond phase plate (28) . Despite the use of different incident energies, this thickness of diamond allowed us to produce a beam which was 99 % circularly polarized. The polarization state of the scattered beam was obtained using single crystal analyzers as appropriate for the different incident energies (LiF(220) at E = 6.16 keV, Cu(220) at E = 6.85 keV and Pt(222) at E = 7.77 keV). The background signal was measured after deplacing the sample by ∆θ = 2 degrees, enabling it to be subtracted from the total signal.
On application of the magnetic field the wave-vector τ was found to remain constant below 7 T, before starting to reduce in magnitude, implying the onset of the polarization-flop transition (15) . Also below the critical field no major change of the NRMS for η = 90
• was observed, indicating that the magnetic field does not perturb appreciably the zero-field domain populations.
For both symmetry classes of ionic displacements, the greatest distortions are those associated with the oxygens. However, our current measurements provide values for the combined oxygen displacements, although we note that in principle this ambiguity could be removed by measuring additional reflections.
Analysis Symmetry Analysis
The application of the magnetic field along the b axis induces a uniform moment ∆m M n(T b) of the Mn (Tb) lattice, ignoring any modulated moments possibly also induced. Due to exchange striction or magnetocrystalline anisotropy, ∆m M n(T b) in combination with the zero field magnetic moments, m(x 1 ) at x 1 , produces atomic displacements, where to lowest order the displacement of an atom at x 2 is
The tensor ξ(x 2 , x 1 ) combines the coefficients of two free energy terms, a term of magnetostriction δ(x 2 )m(x 1 )∆m, and a term of stiffness δ 2 (x 2 ), and is invariant under the symmetry el- and Γ 3(2) the little representation (3, 11, 29, 30) . ∆m on the other hand is an axial vector along b, and hence it changes sign under the action of mirrors m xy and m yz , and remains unchanged under 2 y , and so belongs to the little representation Γ 2 (see Table S1 ), but has a null propagation vector. Therefore on inserting m 3 (x 1 ) into the right hand of equation (S1) The space group Pbnm has eight atomic positions, but in the cycloidal ferroelectric phase the symmetry is reduced leading to the eightfold position being split into two independent fourfold orbits. The individual atomic displacements can then usefully be combined into two sets of modes:
where the numbering of the atomic positions follows the International Table of Crystallography notation for spacegroup written in the Pbnm setting, and which can also be written according to:
These are the different modes listed in Table S2 , showing the representation to which they belong, and the extinction rules for the reflections (4 ±τ ±1). The modes are not active for all the atoms, since Mn, Tb and O 1 are in special crystallographic positions. The active modes are depicted in Figure S1 .
Structure Factors
If A, j is the crystallographic position within the cell, where A = M, T, P and O label the atoms Mn, Tb, O 1 and O 2 , and j runs up to four or eight depending on the multiplicity of the site, such that x A,j describes the initial position of the atom in the cell, whilst u is the position in the Bravais lattice, and u o the origin of the lattice, then the absolute position of the atom is
with its displacement
The structure factor of the position A, with K = (40l), is
Since the crystal is composed of N cells then to the lowest order approximation in δ(x)
where C 0 = exp −2πiK · u 0 . It thus becomes clear that on changing the sign of τ , δ is replaced by it's complex conjugate. However, as shown in Table S2 , for the modes visible at (4 ±τ ±1) δ a,c is real and δ b is imaginary, and therefore the structure factor is invariant under this change of sign. We can now rewrite this structure factor for the Pbnm structure, where we separate out the parts associated with the Γ 1 and Γ 4 modes:
where ∆ M,β1 also reads as ∆ M,β+ , ∆ T (P ),β1 as ∆ T (P ),β− , and ∆ T (P ),γ1 as ∆ T (P ),γ+ . Examination of equations (S8) and (S9) reveals that the Γ 1 part of the geometrical structure factor is pure imaginary whilst the Γ 4 part is pure real, furthermore the symmetry imposes a phase on the modulated displacements, such that in the modes visible at (4 τ ±1), b components are in quadrature with those along a and c.
Extracting the magnetic field induced displacements
To solve the simultaneous equations in the atomic displacements generated for the different energies a recursive procedure is used, considering the two classes separately. Since the real and imaginary parts of the structure factor are both known from the experiments, we have pairs of independent systems of equations containing separately the atomic factors f 0 + f on one side and f on the other. We first neglect the oxygen contributions f O and solve the system 
This indicates that there are two different potential displacements of the Tb ions along a and b, however in the undistorted perovskite structure the symmetry is such that the displacements along a would be identically zero and therefore we assume that in the distorted structure these displacements will be smaller than those along b, and we neglect them. Then, for the five potential oxygen modes given in (S11), by similar arguments we conclude that the dominant contributions are δ c displacement, we find that it alternates along the c axis, giving no additional ferroelectric polarization. However, in zero field the alternating direction of the Tb moments will result in displacements in phase along c, but to estimate the resultant ferroelectric polarization requires knowledge of the relative amplitudes of the field induced and zero field magnetic moments.
Converting displacements in field to those in zero field
The symmetric interaction between the Tb and Mn moments is such that the displacement am- Tb, taking into account that the value for Mn should be halved due to its modulated magnetization, estimates that the measured magnetization of 1 µ B /f.u. equates to an induced moment of ∼ 0.9µ B on the Tb in an applied field of 2 T. This can then be compared to the magnitude of the moment component along b for Tb in zero magnetic field: ∼ 1.0µ B (5). Therefore this suggests that the magnitude of the displacements in zero field will be of the same order as that extracted from our fits for an applied field of 2/0.9 T. The extracted displacement is the maximum value, and moving along the b axis the displacement will be modulated due to the modulation of the b components of the Tb and Mn moments, so the average displacement will be the maximum divided by two.
Non-resonant and resonant magnetic scattering amplitudes
In writing down Eq. 1 we state that this applies for photon energies sufficiently far from an absorption edge such that resonant contributions to the X-ray magnetic scattering are negligibly small. Here we establish the validity of this approximation by examining it from three different approaches. First, we provide a theoretical estimate of the contributions from the dominant X-ray magnetic resonant scattering (XRMS) channels. Second, we provide a brief review of relevant literature on experimental studies of resonant and non-resonant X-ray magnetic scattering. Third, we provide a summary of a re-analysis of our data where we have included a significant level of XRMS along with the non-resonant magnetic contribution.
First, we provide a theoretical estimate of the ratio of the resonant to the non-resonant Xray magnetic scattering lengths. In principle, we need to consider the resonant contributions from the Tb M and L edges, and the Mn L and K edges. However, it is already established that the resonant enhancements of the scattering length at the Tb L and Mn K edges are weak (31) . That leaves us with the Tb M 4 and M 5 (∼1.2 keV) and the Mn L 2 and L 3 (∼0.6 keV) edges to consider for which the scattering length can be of order 100r e , where r e is the classical radius of the electron (32) . The notion that the contribution of XRMS from these edges may be significant, even in our experiments performed at energies roughly 5 keV away, follows from simple scattering theory which predicts that the contribution should fall off only slowly as the inverse of the difference in energy between the resonance and photon energies. Here we show that a full analysis of the theory of magnetic scattering reveals that the conclusion reached from the simple theory is wrong, and that the resonant scattering length falls off faster than predicted by simple theory. The full analysis is used to obtain estimates of the contributions from the Tb A consistent treatment of resonant and non resonant magnetic scattering has been given by Blume (33) (see also (34) (35) (36) . In units of r e , the scattering amplitude can be written as
Here k, , ω are the wavevector, polarisation and energy of the incident photon; the primed quantities refer to the scattered photon. | a is the ground state of the scattering object. The summations are over all of its electrons i and all of its excited states | c of inverse lifetime Γ c .
The first term in Eq. (S12) is Thomson scattering, the second one is a piece of the nonresonant magnetic scattering and the two last the dispersive terms, one of them being resonant.
Another part of the non-resonant magnetic scattering is hidden in these resonant or dispersive terms from which it must be extracted. After some algebra the scattering amplitude becomes
The second term is now the full non-resonant magnetic scattering amplitude, while the last two terms represent the remaining dispersive amplitude. They differ from Eq. (S12) by a factor (33) where the resonant magnetic scattering amplitude appears as
A minor approximation is based on Γ c /2 |E a − E c − ω|. The decrease of the tail at high energy is now much faster than for the main resonant term in Eq. (S12). The physical reason for such a behaviour is that all resonant tails have been depleted to build up the non-resonant magnetic scattering. The amplitude which was expected from these tails is inside the nonresonant term. Some doubt has also been cast on the validity of the non-resonant magnetic scattering formula when the radiation energy is not much larger than any resonance energy;
in this respect, it should be noted that no major approximation is made after Eq. (S12). The deviations from that formula are all contained in Eq. (S15).
Although different from the usual resonant function, the energy dependent factor in Eq. (S15) still has for its imaginary part, a Lorentzian-like shape near its peak. A useful quantity for comparison with theory and/or experiment is the integral, I c (units of r e × eV ), of this peak for a resonance or a group of resonances. At some distance from the peak, neglecting Γ c , the resonant magnetic scattering length may be written as
Consider now the contributions from the Tb M 4,5 edges. Calculated values for I c are in the range 110 (37, 38) to 300 (39) is expected to be the sum of the contributions from the L 2 and L 3 edges which is proportional to the orbital moment. Since the Mn orbital moment is largely quenched, the contribution from the L edges is expected to be small.) Then, applying Eq. (S16) with E c − E a = 0.650 keV for Mn L edge, we obtain an amplitude of 0.0001 r e at 6.2 keV , that is 1% of the non-resonant magnetic scattering of an atom bearing 3 µ B .
These considerations lead us to the inexorable conclusion that, for the energies used in our experiment, the main contribution to the resonant magnetic scattering amplitude comes from the Tb M 4,5 edges, and that this contribution constitutes at most 5% of the total magnetic scattering.
Second, we can assess the likely contribution of resonant scattering processes to the total scattering amplitude relevant for our experiments by considering the available literature. Of the studies that have been performed to date to investigate non-resonant X-ray magnetic scat- and GdCo 2 Ge 2 , where both resonant and non-resonant magnetic scattering was investigated, again with good internal consistency (44) . From the good agreement between theory and experiment in these and other studies we estimate that the resonant contribution is at most 5-10%
of the non-resonant scattering for the energies relevant in our experiment.
Third, we have reanalysed our data to determine whether they are compatible with a significant resonant contribution, and examined the question of to what extent any such resonant contribution might affect the values of the ionic displacements deduced in our study. Our starting point was to consider the zero magnetic field data on TbMnO 3 presented in reference (5).
effect on the derived values of the ionic displacements.
Γ 4 Γ 1 Figure S1 : Displacement modes in Γ 1 and Γ 4 visible at (4 τ ±1). -Real or Imaginary, and whether they are visible or extincted for the A-type peak in the experiment, are given. Half of the components are absent, since they do not belong to Γ 1 or Γ 4 . The sites column indicates which sites have the visible modes (shown in fig. S1 ) in their structure factor.
